Consider the ¿/-realization Op^a) of a pseudodifferential operator with symbol heS"0 having constant coefficients. We show that for a certain class of symbols the spectrum of Opp(a) is independent of p . This implies that Opp(a) generates an TV-times integrated semigroup on W(W) for a certain N if and only if p(Opp(a)) ^ 0 and the numerical range of a is contained in a left half-plane. Our method allows us also to construct examples of operators generating integrated semigroups on LP(Wl) if and only if p is sufficiently close to 2.
Introduction
Let Opp(a) be the LP-realization of a pseudodifferential operator Op(a) with symbol a £ S™ 0 having constant coefficients. Consider the initial value problem (1.1) u'(t) = Onp(a)u(t), u(0) = u0, in the space Lp(Rn), where 1 < p < oc. We are interested in the question how the location of the spectrum o(Opp(a)) of 0\->p(a) or the numerical range a(W) of the symbol a influences the existence and regularity theory of a solution of (1.1) for u0 £ D(Opp(a))N, N £ N. If for all t > 0 the function £ H-> ¿'«(f) is a Fourier multiplier for Lp(Rn) (with exponentially bounded norm), then a complete answer of the above question is obtained via the classic theory of strongly continuous semigroups (cf. [F] , [G] , [P] ). Notice that, by results of Hörmander [Hol] , there exist however many examples of operators Opp(a) which generate a Co-semigroup on an ¿p-space only for certain values of p . In fact, for simplicity let Oop(a) be a differential operator of order ata > 1 such that the real part of the principal part of its symbol a vanishes for all £ e R" . Then Opp(a) generates a Co-semigroup on Z/(R") only if p = 2. In particular, this holds for the operator aA , where A denotes the Laplacian.
In this paper we examine the initial value problem (1.1) by means of integrated semigroups (cf. [A] ). The relationship between (1.1) and integrated semigroups may be described as follows: a linear operator A generates an Ntimes integrated semigroup on E if and only if p(A) / 0 and (1.1) admits a unique, exponentially bounded solution for all uq £ D(AN+X). By estimating the order N of integration we thus obtain precise information on the regularity of the initial data needed in order to obtain a unique classical solution of (1.1). We carry out this approach for a certain class of symbols a £ S™ 0 having constant coefficients. The estimates obtained turn out to be optimal for a large class of symbols. Moreover, they illustrate the special role of the case p = 1 and show in particular the different regularity behavior of the solution for the cases p = 1 and p £ (1, oo ). As an immediate consequence we obtain LP -resolvent estimates for Opp(a) in a right half-plane. Former results in this direction are contained in [AK] , [BE] , [Hil] and [deL] .
Similarly to the case of semigroups, there exist operators Opp(a) generating integrated semigroups on ¿P(R") for some but not for all values of p. The method to construct such examples is inextricably entangled with the spectral theory of the operators under consideration (cf. [Hi2] , [IS] , [KT] ). It is shown that, for a certain class of symbols, the spectrum, being contained in a left halfplane for some value of p, may "explode" to be all of the complex plane for other values of p .
On the other hand it is natural to ask for conditions under which o(Opp(a)) of Opp(a) coincides with the numerical range a(R") of a . We show that
provided the symbol a and its derivatives satisfy certain growth conditions. In particular, in this case rj(Opp(a)) is independent of p . Since our assumptions are satisfied above all for elliptic polynomials, assertion (1.2) extends results of Balslev [Ba] and Iha and Schubert [IS] to our situation. Finally, we illustrate our results by means of Dirac's equation on LP(R3).
Preliminaries and notations
Let 5? := S^(Rn) be the space of all rapidly decreasing functions and ¿?' its dual, the space of all tempered distributions. For x = (xx, ... , x") £ R" and £ = (it...., i") £ R" , let (x,® = £"=i x& and ||x|| = (x, x)x'2 . The A very efficient sufficient criterion for a function w to belong to J[p , 1 < p < oo , is given by the Mikhlin multiplier theorem (cf. [S, p. 96] ). For the case p = 1 the following elementary bound for the ^"¿'(R")-norm is useful. Here we consider 3rLx(Rn) as a Banach space for the norm inherited by ¿'(R").
Lemma 2.1. Let u £ Hj(Rn) for some 7 > §. Then u £ 3rLx(Rn) and for some constant Cn depending only on n . Then it is not difficult to verify that Op^a) is closed.
We call a polynomial a of degree aaa elliptic if its principal part am given by am(Ç) := 2Z,\a\=m a<*(té)a vanishes only at i -0-Moreover, a is called hypoelliptic if Daa(¿) Y»; -»O as |£| -» oc and q ^ 0.
Finally, if ^4 is a linear operator acting on a Banach space E, we denote its resolvent set by p(A) and its spectrum by a (A) . 
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In this case (S(t))t>o is called the Ac-times integrated semigroup generated by A . In particular, a 0-times integrated semigroup is a Co-semigroup. For more detailed information on semigroups and integrated semigroups we refer to [F] , [G] , [P] and [A] , [deL] , [Hi2] and [L] . The connection between integrated semigroups and the Cauchy problem
is given by the following fact: Let A be a linear operator on a Banach space E and let k £ N U {0} . Then A generates a Ac-times integrated semigroup on E if and only if p(A) / 0 and there exists a unique, classical solution u of (2.4) for all u0 £ D(Ak+x) satisfying \\u(t)\\ < Mewt for all r > 0 and some M, co >0.
Fourier multipliers
We start this section with a sufficient criterion for a function a to belong to JCP . Proof, (a) Without loss of generality we may assume that 1 < p < 2. Let \p £ CC°°(R") be the function defined in (2.2). For / £ N put a¡ := ay/¡, where i//¡(x) := y/(2~lx) for all x £ Rn . We claim that \\a\\^p < Yff=x ||a/|Up < oo. Now, choosing j > |, we conclude by Lemma 2.1 that
< CnMx-n,2jMn/22l(--e+W->>».
Setting 6 := 2(1 -j;) for some p £ (1, 2) it follows from the Riesz-Thorin
Finally, since \\a\\¿r < Y^LX \\ai\\j?p < °°, the proof of assertion (a) is complete. The assertion (b) follows immediately from [M, Theorem G] . D
Assume that the symbol a belongs to S™ 0. We consider the following hypothesis: (HI) supíeE" Rea(£) < co for some a>£R. We note that if the symbol a is a polynomial, then Lemma 4.1 was first proved by Schechter [Sch, Theorem 4.4 .1]. The generalization to symbols a belonging to S is a straightforward modification of Schechter's proof. We therefore omit the details.
In order to obtain a precise description of rj(Opp(a)) we need to decide whether or not the function (X -a)~x is an IP multiplier. In general this is not an easy matter; however if the symbol a satisfies the growth condition (H2), then the situation is fairly easy to describe. Indeed, in this case we obtain the following result. Related results on the /^-independence of the spectrum of differential operators on LP(R") are contained in [Ba] and [IS] .
Remarks 4.3. (a) If a is a polynomial, then the Seidenberg-Tarski theorem implies that Hypothesis (H2) is fulfilled provided \a(c¡)\ -» oo as |t*| -► oo .
(b) We emphasize that Hypothesis (H2) is essential for obtaining the above assertion. In fact, consider the example of the symbol a given by ««) :=-/fti+â+¿3-0-Then cr(Op2(a)) = {zeC;Rez = -l}, but Kenig and Tomas [KT] showed that a~x £ Jfp if p i= 2. Hence, by Lemma 4.1, 0 £ o(Opp(a)) whenever P¿2.
Proof. We note first that Lemma 4.1 together with Hypothesis (H2) and the fact that Jf2 = L°° implies that o-(Op2(a)) coincides with a(Rn). Therefore and in view of Lemma 4.1 we only have to prove that o(Opp(a)) c a(W). By assumption we have C\a(R") ¿ 0. Let A € C\a(R").
By Lemma 3.3 there exists an integer N such that the function r^ := (X -a)~N belongs to Jfp (1 < p < oo). Hence, by Lemma 4.1, 0 € p(Opp(X -a)N). We claim that 0£p((X-Opp(a))N). Since (X-Opp(a))Nf = Opp((X-a)N)f for all feS", we conclude by [HP, Theorem 2.16.4 ] that (X -Opp(a))N is an extension of Opp((X -a)N). Furthermore, ker (A -Opp(a) )N = {0}. In fact, assume that (X -Opp(a))Nu = 0. Then 0 = ((X -Opp(a))Nu, g) = (u,(X-Opp(a))Ng) for all g £ S?. Hypothesis (H2) implies that, given / e 5?, we find g £ S? such that (X -Opp(a))Ng = f. Consequently 0 = (u, f) for all / € S" and hence u = 0. It follows that Opp((A -a)N) = (X -Opp(a))N and hence 0 £ p((X -Opp(a))N). In a second step, we claim that 0 e p(X -Opp(a)). Suppose the contrary. Then the spectral mapping theorem for closed operators (cf. [DS, p. 604] In order to prove (b) note that Jfp is isometrically invariant under affine transformations of R" . Thus
for all t > 0.
Recalling the fact that Jfx c Jfp , 1 < p < oo, we immediately obtain the following result. [Hil] that the orders of integration in Theorem 4.6 and Corollary 4.9, respectively, are optimal for a large class of operators including the operator Opp(a) = aA. Indeed, in this case p = 1 and m = r. Thus /A generates an TV-times integrated semigroup on LP(R"), 1 < p < oo, if and only if TV > aa|¿ -^| and on ¿'(R") if and only if N > § . For more general results in this direction, see [Hil] .
Corollary 4.11. Let 1 < p < oo, m G (0, oo), tVgN and p £ [0, 1]. Assume that a £ S™ 0 satisfies (H2). J/supi6Rn Rea(c¡) < co for some co £ R, then there exists a constant Sn > 0 such that Opp(a) generates an N-times integrated semigroup on LP(Rn) provided \\ -p-\ < On ■ Example 4.12 (see [Hi2] ). The example of the symbol a given by a«) := (-¡m -e2 -g -m+e2+a + h shows that Opp(a) generates an integrated semigroup on LP{R3) only for certain values of p. Indeed, we verify that sup^Rea^) < 0 and that r -1. Hence, by Theorem 4.4 we see that p(Opp(a)) ^ 0 provided || -i| < $ • Therefore Opp(a) generates a once integrated semigroup on LP(R3) provided \j-p-\ < is • However, it follows from the results in [IS] The relativistic description of the motion of a particle of mass m with spin 1/2 is provided by the Dirac equation (see [G] or [F]) -u(x, t) = c^2AjDju(x, t) -A4^j-u(x, t) + Vu(x, t), x £ R3, t > 0.
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Here « is a function defined on R3 
